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Let's define N as the number of days in the test. Notice that since a student is not allowed to do
nothing on a test day, the student must request at least N/2 problem sets. Further, there is no
reason to request more than that, since the extras cannot be submitted.

We'll begin with a dynamic programming solution that is sufficient for the Small dataset, and
then discuss a mathematical formula that solves the Large dataset.

A dynamic programming approach

Because we can only submit the problem we requested most recently, we can view the
problems that we hold as a stack, where requesting corresponds to pushing and submitting the
most recently requested problem corresponds to popping.

Consider what happens on day 1. Clearly, we must request a problem set, and we now have to
pick a day to submit it. Now, between the request and the submission, we can push to and pop
from the stack, but after we are finished, the stack must contain the problem we requested on
day 1, and nothing else. That means we need to have an even number of days between our
request on day 1 and the corresponding submission.

We can think of the period of time between our request and our submission as a subproblem,
and the time after the submission as another subproblem. Each of those subproblems must
leave the stack the way they found it, so we can use the same set of rules that we used above
for every subproblem.

Now, we'll express how to solve the problem in terms of recursion. At each stage, we'll be
looking at some range of days, from day i to day j. So the subproblem (i,j) is to find the best
possible score we can get over the days from i to j. We'll also say we can't touch the existing
entries on the stack (corresponding to any days before i), and must leave the stack as we found
it. We can then solve the subproblem as we did the original problem: request a problem set on
day i, then pick where in the (i,j) interval to submit it such that there's an even number of days
between the request and the submission.

At this point, each of our choices divides the subproblem into two additional, possibly-empty
subproblems. For a subproblem of length 6, for example, here are the ways to place the request
and submission:

_ _ _ _ _ _

↓

R S _ _ _ _

R _ _ S _ _

R _ _ _ _ S

Given the pairs of request and submission days, how do we decide which type of problem set to
request? If we request the type that doesn't match the assistant's mood on request day, the best
score we can get is 5 points. But we always get at least that much by requesting the type that
matches the assistant's mood, so we should always do that. Then, the score we get when we
submit just depends on whether the assistant's mood on submit day matches the type of
problem we requested: we get 10 points total if they match, and 5 if they don't.



The empty subproblems are the base cases of our recursion. For larger problems, we find, for
each possible submission point, the score we get from requesting and submitting that problem
set (10 if the assistant's mood on request day matches its mood on submit day, 5 otherwise),
plus the optimal scores of the subproblems. We can use this to recursively find the solution to
the original problem; memoizing the solutions for the subproblems yields a DP solution.
Because the memoization table is size O(N2) and it takes O(N) iterations to fill each cell, this
algorithm is O(N3), which is sufficient to solve the Small problem.

A formulaic approach

It's also possible to solve the problem with a simple mathematical formula based on the input.

Count the number of even- and odd-numbered days on which the assistant is in the mood for
Coding and Jamming. That gives us four numbers, which we'll call CE, CO, JE, and JO (for
instance, CE is the number of even-numbered days on which the assistant is in the mood for
Coding). We will show that the maximum possible score is:

S = 10 * (min(CE, CO) + min(JE, JO)) + 5 * abs(CE - CO).

We'll first show that this is an upper bound (we can't get a score higher than S), then show that it
is tight (we can get a score equal to S).

First, note that any request/submit pair for the same problem (which we'll just call a pair) must
have one even and one odd day; that is, for any problem set, it was either requested on an odd
day and submitted on an even day, or vice versa. That must be true because we need an even
number of days between the request and the submission. Now, since we need an even Coding
day and an odd Coding day to make a pair where both days are Coding, the amount of those
pairs that we can make is equal to the minimum of CE and CO. We can apply the same logic to
Jamming. Then, we can pair up the leftovers; the amount of leftover pairs is the amount by
which CE and CO differ (you can show that JE and JO differ by the same amount). No matter
how we pair up the leftovers, there is no way to form more matched pairs.

To show that this bound is tight, we will construct a solution that achieves that upper bound. We
make a list of the days in order. Then, whenever we see two adjacent days with the same mood,
mark the first one as a request and the second as a submission, then remove those two days
from our list. Observe that we can continue making pairs on this list, and they'll be valid on the
real list (it's impossible for a new pair to be halfway inside and halfway outside any pair that
we've removed, since we only remove pairs when there's nothing inside them). Continue this
process until we can't anymore. At this point, since there aren't any adjacent days with the same
mood, the mood must alternate between days. But that means that all even-numbered days
have the same mood, and all odd-numbered days have the other mood. So we can pair all of
those up, completing the proof.

A greedy approach

If you're curious, it's also possible to use a greedy stack-based algorithm to solve the Large
problem. Our algorithm proceeds from left to right, and at each point decides whether to request
or submit. We maintain a stack of problem sets that we hold, where a request is a push and a
submit is a pop, then select our action each day as follows:

1. If we have no unsubmitted problem sets, request.
2. If we've made N/2 requests thus far, where N is the number of days in the test, submit.
3. If the top of the stack contains a problem set that matches the assistant's mood, submit.
4. Otherwise, request.



It's fairly difficult to see why this is valid on its own, but we can show that this also obeys the
formula that we give above.

Both algorithms (the stack algorithm and the adjacent pair algorithm) find an adjacent pair with
the same mood some number of times; we'll call these hits. Pairs with a different mood are
misses. It remains to prove that the stack algorithm gets the optimal number of hits.

In most cases, both algorithms hit and miss in the same places. Intuitively, steps 3 and 4 of the
stack algorithm correspond to finding and removing adjacent pairs with the same mood. Then,
steps 1 and 2 clean up the remaining unmatched pairs.

There are some corner cases, however, where the algorithms don't precisely match. Take the
input CJCJJC, for example: the stack algorithm produces RRRSSS, while the adjacent-pairs
algorithm results in RRSRSS.

All of these corner cases occur when there's an unmatched pair that the stack algorithm doesn't
match, failing to see that there's a matched pair later on at the same level. In other words, they
all look like the following. (You can swap the Js and Cs, but we'll use the case that we show
below without loss of generality.)

... J ... C ... J ... J ...

Then, the stack algorithm requests for the first two and submits for the last two, while the
adjacent pairs algorithm matches the second pair, then the first pair. Notice that these have the
same result either way: there's always one unmatched pair and one matched pair. Hence, the
algorithms both produce the optimal score, even though they may attain it in different ways.
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An unusual problem

Small-only problems are relatively rare in Code Jam. Sometimes, as with 2012's Proper Shuffle
from Round 1A 2014, this is because we have a randomized solution in mind and want
contestants to be able to try again if necessary, even if the probability of a contestant's optimal
solution actually failing due to chance is very small. The Forest University problem is Small-only
for both of these reasons. We could have added another Small dataset small enough to solve
precisely via dynamic programming, but we didn't think it would add useful resolution to help us
pick our 26 advancers.

Clearly, with up to 100 courses, there are far too many course sequences to enumerate. The
problem has an unusually relaxed tolerance for less precise answers, so it is a natural candidate
for a simulation-based approach: we can generate course schedules and check whether they
contain the cool substrings. Unusually for a simulation problem, though, the challenge here is to
figure out how to do the simulation correctly even once! How do we sample the set of all course
sequences uniformly at random?

A weighted-sampling method

Some pen and paper analysis of a small forest can reveal a simple rule that is sufficient to guide
our simulations. Let's consider a case with five courses A, B, C, D, and E; A and E are basic, A
is the prerequisite of both B and D, and B is the prerequisite of C.

Then there are fifteen possible orders in which to take the courses: ABCDE, ABCED, ABDCE,
ABDEC, ABECD, ABEDC, ADBCE, ADBEC, ADEBC, AEBCD, AEBDC, AEDBC, EABCD,
EABDC, EADBC. Notice that four-fifths of these begin with A and one-fifth begin with E. A is a
root node with a total of 4 descendants (including itself); E is a root node with a total of 1
descendant (including itself). This is a promising pattern, and it is not coincidental! It suggests a
method for building up a course string while sampling uniformly: keep choosing one of the
available courses, with probability proportional to the size of that course's subtree (itself plus all
its descendants).

To apply this method to the example above: we start with an empty course string, and at first,
we can only choose either A or E. A has 4 descendants including itself, and E has 1, so we
choose A with probability 4/5 and E with probability 1/5. Suppose that we choose A. Now we
have three choices for the next course: B, D, and E. B has 2 descendants including itself; D has
1; E has 1. So, we choose B with probability 2/4, D with probability 1/4, and E with probability
1/4. Suppose that we choose D. Now we have two choices: B and E; we choose these with
probability 2/3 and 1/3, respectively. We continue in this way until we've built a full sequence.

Why does this work? Speaking more generally: let's add a single root node to be the parent of
all nodes with no prerequisites. We can now recursively compute, for each subtree, a schedule
of just the classes in that subtree. Suppose that the subtree has root node V and size S. First,
we compute a schedule for each subtree whose root is one of the children of V. Then, we put V
first in the new schedule we are creating, and we choose an assignment (uniformly at random)
of the remaining S-1 positions to each of the subtrees, such that each subtree is assigned as
many positions as it has nodes. Then, we copy the ordering for each subtree into that subtree's
positions. This results in a uniformly randomly chosen schedule.

https://en.wikipedia.org/wiki/Monte_Carlo_method


Since we are picking a uniformly random assignment for each subtree, then interleaving them
together uniformly randomly, the fraction of possible orders in which a given top-level course
(i.e. the root of a certain subtree) appears first can be computed using a multinomial coefficient.
For example, if we have to interleave A elements from one subtree and B elements from another
subtree, the total number of ways to do so is (A+B)! / (A! × B!). The number of these ways that
start with an element from subtree A is (A+B-1)! / ((A-1)! × B!), and the number of these ways
that start with an element from subtree B is (A+B-1)! / (A! × (B-1)!). The ratio between these is
(A! × (B-1)!) / ((A-1)! × B!), and this reduces to A / B. This explains why it suffices to sample
proportionately to the size of each subtree.

A surprisingly elegant method

Generating a random sequence is equivalent to assigning distinct numbers from 1 to N to nodes
in our forest, in such a way that the number of a node is smaller than the number of all its
descendants. Let's start with any of the N! possible assignments, chosen uniformly. Now let's go
through nodes from top to bottom, and if a node is not the smallest in its subtree, we swap its
number with the smallest. This generates sequences uniformly, since each sequence can be
obtained from P different permutations, where P is the product of sizes of subtrees of all nodes.
The probability that a given node X is the smallest (once it's available to be chosen) is
proportional to the size of the tree it is rooting, because any of those nodes that get the smallest
number will "give" it to X.

But will we get a precise enough answer?

If we check K uniformly generated sequences, and the true probability to find a given substring
is p, then the fraction of those K sequences that contain this substring follows a binomial
distribution with parameters K, p, which we can approximate with a normal distribution with
mean p and standard deviation sqrt(p × (1 - p) / K). (This Wikipedia article has some guidelines
on when this approximation is valid.) If we run 10000 iterations, this is at most 0.5 / 100=5e-3,
so the required precision of 3e-2 is 6 standard deviations. So, the probability of having one
particular answer incorrect is roughly 1 in 500 million, which means that the probability of having
at least one of the 500 required answers incorrect is at most 1 in a million.

The error bounds are generous enough that, with a fast enough implementation, the problem is
solvable in slower languages such as Python.

https://en.wikipedia.org/wiki/Binomial_distribution#Normal_approximation
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Analysis: Rebel Against The Empire
The intended solution is roughly as follows:

Treat it at a graph problem. We have a graph with N nodes, and each edge is available in
an interval of time.
For each node, order the edges by, say, availability start time. As long as we have at least
one edge available, we can jump back and forth. And, obviously we can arrive on an
asteroid only when there's at least one edge open. So, there are "gaps" such that you
need to leave the asteroid between the gap, because there will be no edges in between.
So, we can split each node into multiple nodes across these gaps (note that the number of
edges doesn't grow, so the size of the whole graph is still O(N^2)).
Now we run a Dijkstra's on the new graph. When we arrive in a node, we can only take the
outgoing edges which haven't been closed yet (and the time at which we take them is the
max of the current time and the time in which they open).
Done.
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To make the analysis a tiny bit easier to follow, we'll typeset strings (B, G, and output from the
Go++ programs) in monospace font, instructions from the first program in normal font, and
instructions from the second program with an underline.

First, let's try to figure out when the problem is impossible to solve. It's clearly impossible when
B is in G; that case is even in the sample input. What about otherwise?

Surprisingly, if B is not in G, the problem is always solvable.

To prove this, I'll construct two Go++ programs that, when run as described in the problem
statement, can produce any L-length string except B. That sounds harder than making one that
just produces the strings in G, but sometimes, making the problem more difficult is a great way
to gain the insight you need to solve the original problem. For this problem in particular, the set
G is a red herring!

The first program

Given an input string B, construct the first program as follows:

1. Start with the inverse of every character of B (0 ↦ 1, 1 ↦ 0).
2. Add a ? instruction after every 0 or 1 instruction.

For instance, if B = 111, which could appear on the Small input, the first program is 0?0?0?. If B
= 010, which could only appear on the Large input, the first program is 1?0?1?.

Why does this work? Notice that by default, this program generates the opposite of B. In order
to generate a different string, we need to override one or more of the ? instructions; that is, the
programs need to be interleaved such that right before the ? from the first program, some other
instruction from the second program changes what it prints. For instance, given the first program
1?0?1?, we can print 011 instead of 101 using the second program 01, if it's interleaved as
follows: 10?01?1?. In order to print B, we need to override all three ? instructions.

So how do we prevent that from happening? We write a second program that cannot override all
three ? instructions. Our solution differs for the Small and Large inputs.

The second program (Small)

For the Small input, B is always a string of 1s. That means the first program is always 0?,
repeated L times. For instance, if B = 111, the first program is 0?0?0?.

Our second program needs to be able to override any two of those ? instructions; that way, we
can print any output with up to two 1s. However, we can't override all three ? instructions, since
that means our program might print B. So we need a second program that contains L-1 1s, but
not L 1s. The solution to this is fairly simple: our second program simply consists of 1, repeated
L-1 times. For instance, if B = 111, the second program is 11.

The second program (Large)



To solve the problem for arbitrary B, we need a second program that, when taken as a string,
has every (L-1)-length string as a subsequence (so we can print any string except B), but
doesn't have B as a subsequence. (Here, we use "subsequence" to mean any set of elements,
ordered as they appear in the original sequence; they need not be adjacent.) We'll discuss how
to produce such a program shortly.

Now, with our first program and this hypothetical second program, we can produce any L-length
string except B. That's because the second program has every possible subsequence of length
L-1, so we can override up to L-1 of the ? instructions of the first program. However, we cannot
override all L of them to produce B, because the second program doesn't have B as a
subsequence.

There are many ways to generate the second program. This one won't produce the shortest
program, but it is perhaps the easiest to explain:

1. Start with a copy of B, excluding the last character.
2. Replace each character with a two-character sequence as follows: 0 ↦ 10, 1 ↦ 01.

For instance, if B = 010, the second program is 1001. The first 0 becomes 10, the 1 becomes
01, and we ignore the last character of B.

We outlined the two requirements above for the second program to be valid:

The second program must have every (L-1)-length string as a subsequence.
The second program must not contain B as a subsequence.

Now, we will show that the steps above give us a second program that satisfies these
requirements.

To get any (L-1)-length subsequence, split the second program into pairs of adjacent
instructions. Each pair contains a 0 and a 1, since that's how we built the program. So we just
pick one character from each pair, and we have any (L-1)-length string!

Now, let's try to get B as a subsequence of our second program. Say B = 010 and the second
program is 1001. In order to get 010 as a subsequence, we start from finding the first 0 in 1001,
which occurs at the second character. Next we find the first 1 after that, which is the fourth
character. The pattern continues: because of how we've built the second program, we always go
through two characters whenever we try to find B as a subsequence. And because the second
program only has 2L-2 characters, we can't find all of B as a subsequence. Therefore, our
second program is valid.


